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Introduction
Volume preserving maps provide an interesting and nontrivial class of dynamical systems that give perhaps the simplest, natural generalization of the class of area preserving maps to higher dimensions. Moreover, volume preserving maps naturally arise in applications as the time one Poincar e map of incompressible ows|even when the vector eld of the ow is nonautonomous. Thus the study of the dynamics of volume preserving maps is of interest both for uids and magnetic elds. Our primary motivation for studying volume preserving maps is to generalize the study of transport, which has been quite successful for two dimensional maps 1, 2], to higher dimensional cases.
Previously, we constructed a normal form for the quadratic volume preserving map in R 3 3] (and obtained a partial classi cation for higher dimensions 4] ). This map is the natural generalization of H enon's quadratic area preserving map 5]|it gives the simplest volume preserving system in R 3 that has nontrivial dynamics. Moser has similarly obtained normal forms for quadratic symplectic maps 6]. These normal forms are to be distinguished from formal series expansions that give normal forms in the neighborhood of a xed point, such as the \Birkho " normal form. Bazzani has constructed such normal forms for volume preserving maps, showing that they are formally integrable to all orders 7] . These normal forms are formal series expansions that typically do not converge, and moreover are not volume preserving when truncated at any given nite order.
The quadratic volume preserving map has at most two xed points, and typically these points are hyperbolic and have either a two dimensional stable and a one dimensional unstable manifold (type A), or a two dimensional unstable and a one dimensional stable manifold (type B). Commonly one point is type A and the other type B, and the two dimensional stable manifold of the rst intersects the two dimensional unstable manifold of the second. In this paper we investigate the properties of such intersections.
An understanding of the intersections of codimension one invariant manifolds is important in the development of transport theory 8, 9, 10]. For example, suppose a and b are saddle xed points of an area preserving map, and W s (a) and W u (b) are branches of their stable and unstable manifolds. If these intersect at a point x, then x is a heteroclinic orbit; that is, it is backward asymptotic to a and forward asymptotic to b. Let W x (a) denote the segment of an invariant manifold that starts at a and extends to x (below we will be careful to exclude or include endpoints of these segments as appropriate Primary intersections can be used to form resonance zones 11, 12] |regions of phase space that are bounded by alternating stable and unstable segments joined at primary intersection points. Because the intersection points are primary, a resonance zone is bounded by a Jordan curve, and it has an exit and an entry set 13]. The images of these sets completely de ne the transport properties of the resonance zone.
In x3 we generalize the notion of primary intersections to R 3 . A similar theory was developed in 14] for the case of di eomorphisms that arise from quasiperiodic time-dependent vector elds, see 2] for a review. Our de nition depends on the existence of two dimensional manifolds and our main concern is to understand the topology of the one dimensional intersection as an immersed submanifold. It is possible that the stable and unstable manifolds could be used to construct partial barriers, and their intersections will bound \lobes" that can be used to compute transport properties 15]. We will see that di erent homotopy classes of primary intersections can exist and that they can bifurcate by changing from one homotopy class to another. Bifurcations in the intersection manifolds will have immediate consequences for transport, since such a bifurcation modi es the lobes, and may even forbid their existence. Our de nition can be generalized to higher dimensions, if the map has codimension one invariant manifolds.
In order to illustrate how the heteroclinic intersection changes, we develop an extension of the Melnikov method to volume preserving maps in x4. Melnikov methods have been extensively developed for two dimensional maps 16, 17, 18] , for higher dimensional maps 19, 20] and for three dimensional volume preserving ows 21]. In this latter case the perturbation may be periodically time dependent, and the Poincar e map of the system is assumed to have a hyperbolic invariant curve, with two dimensional manifolds. For the case of maps, the analogue of Melnikov integral is an in nite sum whose domain is the unperturbed connection. As usual, a simple zero of this function corresponds to a transverse intersection for the perturbed map.
In x5 we introduce a family of volume preserving maps that have a completely degenerate heteroclinic connection (i.e, a saddle connection). This family is obtained from a family of planar twist maps with saddle connections 22]. We perturb the family by composing it with a near identity, volume preserving map. In this way, we can produce examples of volume preserving maps with transverse heteroclinic orbits. To accomplish this construction we will need a pair of adapted vector elds on the manifold, or alternatively, an integral of the unperturbed map.
We compute the Melnikov function in x6 for a particular perturbation and a classify the primary intersection curves by their homotopy type. We observe a number of bifurcations as the parameters of the map change. To compare the Melnikov function with the fully nonlinear map, we compute its stable and unstable manifolds. In general, the development of computational methods for the e ective visualization of invariant manifolds in higher dimensional maps is itself an interesting and di cult problem 23, 24] . For the case that the magnitude of the multipliers at the xed point restricted to the unstable subspace are equal, we apply a clever, but simple technique due to Tabacman 25 ].
2 Volume preserving maps A di eomorphism f : R n ! R n is volume preserving when f = , where is a volume form, i.e., a positive n-form. We will restrict our consideration to maps on R 3 that preserve the standard volume form = dx^dy^dz: (1) 2 VOLUME PRESERVING MAPS The dynamics on the two dimensional manifolds will depend upon whether the pair of multipliers are complex or are real.
If a map has a pair of xed points one of type A and one of type B and the pair of two dimensional manifolds (stable and unstable) intersect, then generically they intersect along one dimensional manifolds. We have observed earlier 3] changes in the topology of the intersection manifolds as the parameters vary. Elucidating this topology is the primary aim of this paper. In each case, the fundamental domain is an annulus with one open and one closed edge. An immediate consequence of the de nition is that all the forward and backward iterations of a fundamental domain are also fundamental. It is easy to see that proper loops always exist, and in fact, the stable (and unstable) manifolds can be decomposed as the disjoint union of fundamental domains: The importance of fundamental domains is that much of the information about the entire manifold can be found by looking only at these annuli. For instance, the primary heteroclinic intersection between W s (a) and W u (b), which we de ne next, is de ned using fundamental domains.
Primary Intersection
Given a fundamental domain S, the points 2 W s (a) are given a partial order de ned by the integer k such that 2 f k (S). This partial order provides an index that can be used to study heteroclinic intersections between two such manifolds: . This means that one can choose fundamental domains S and U so that that their boundaries are (primary) heteroclinic points. As noted by Easton, this leads to a classi cation of heteroclinic orbits by their \type" 27], and subsequently a classi cation of the structure of the \trellis", the closure of the stable and unstable manifolds.
To directly generalize the planar de nition, we would need to nd a proper loop = that is also heteroclinic, and such that W s (a) \ W u (b) = ;. These proper loops would be the analog of primary intersections. However, such loops need not exist as we saw in 3].
One consequence is that if one xes a pair of fundamental domains U and S, then the set of points at which f k (U) rst intersects S is not necessarily a union of submanifolds of S|in particular the intersection curves may end in the middle of S if U is not chosen to be properly \aligned" with S.
To alleviate this problem, we use the intersection index to de ne the primary intersection of the stable and unstable manifolds of a and b, so that the connected intersection curves are submanifolds:
De nition 3 (Primary Intersection) Let a and b be hyperbolic xed points of type A and type B, respectively, whose two dimensional manifolds intersect. We de ne the primary intersection of the stable and unstable manifolds as P(a; b) = fU \ S : U 2 F u (b) ; S 2 F s (a) ; (U; S) = 0g :
We assert that P is invariant, and is the union of immersed submanifolds of W s (a) and of W u (b). Moreover, the intersection of P with any fundamental domain is generically a neat submanifold. Recall that when M is a manifold with boundary, a set A M is neat in M if @A = A \ @M ; (4) (cf. 28] for the de nition). In other words, the boundary of the submanifold is nicely placed in the boundary of the manifold.
For any xed fundamental domain S, the primary intersection does not have to be a neat submanifold of S. However, if the intersection of the stable and unstable manifolds in question is transverse, then it always possible to chose a fundamental domain for which the primary intersection is a neat submanifold: Theorem 2 Suppose f; a and b are chosen as above, and assume that the primary intersections P(a; b) are transverse. Then a) P(a; b) is the union of immersed one dimensional manifolds, invariant under f and contained in W s (a) \ W u (b). b) For the generic U 2 F u (b), U \ P(a; b) is a neat submanifold of U. c) For the generic S 2 F s (a), S \ P(a; b) is a neat submanifold of S. Proof: Both stable and unstable manifolds are immersed two dimensional manifolds. Since they intersect transversely by assumption, their intersection is the union of one dimensional immersed manifolds. The primary intersection is a subset of this immersed manifold. For each point in the primary intersection we can nd a pair of fundamental domains U and S such that 2 U \S. Since the intersection is transverse, is contained in a one dimensional manifold.
If the intersection of P with a fundamental domain U is not neat, then since this intersection consists of a union of one dimensional manifolds with boundary, the only possibility is that there is at least one point 2 @fP \ Ug that is an interior point of the fundamental domain. By de nition there is a fundamental domain S 0 such that 2 U\S 0 . Then 2 @S 0 , since otherwise, the intersection U \ S 0 P \ U would contain in its interior. However, by continuity, there is a fundamental domain S 1 near S 0 , such that (U \S 1 ) = 0, and such that S 1 contains in its interior. Thus cannot be on the boundary of the intersection P \ U, and so the only possibility is that the boundary of the intersection is contained in the boundary of the fundamental domain.
Our de nition of primary intersection can be easily generalized to higher dimensions. 4 Melnikov Method for volume preserving maps.
We will use Melnikov's method to show that a perturbation of a degenerate heteroclinic connection between codimension one manifolds typically leads to transverse intersections of stable and unstable manifolds. This approach will help us to study the topology of the primary intersection.
be a di eomorphism preserving the volume (1), such that a and b are hyperbolic xed points of types A and B respectively. We assume there exists a saddle connection between the xed points, i.e., W s (a) n fag = W u (b) n fbg. An example of such a map is given below in x5.
We would like to show that after a small perturbation, the manifolds still intersect, as in the classical Melnikov method, but that this intersection is generically transverse and along one dimensional curves. Generally the perturbed map takes the form F = F 0 + P 1 ; such that F is volume preserving. We make the simplifying assumption that P 1 (a) = P 1 (b) = 0, so that F still has hyperbolic xed points at a and b. However, stated in terms of P 1 , it is not so easy to construct volume preserving perturbations to F 0 . It is easier to let F = (I + P) F 0 ; where I is the identity map. This can always be done since P P 1 F ?1 0 . In these terms it is easier to construct perturbations that do not destroy the volume preserving property: Lemma 3 Let Simple examples include P(x; y; z) = (0; f(x); g(x; y)) for any smooth functions f and g that vanish at the xed points.
Adapted Vector Fields
After perturbation, W s (a) and W u (b) will not in general coincide, but will generically intersect transversely. We want to measure the evolution of this intersection as increases. To do this we need to de ne a pair of independent and invariant vector elds on the manifolds. We call such vector elds \adapted": In more general cases, it can also be shown, albeit with more e ort, that adapted vector elds exist, however, the case covered by lemma 4 is su cient for the examples that we study in this paper.
Melnikov Function
Based on the vector elds found above, we will de ne a global Melnikov function M( ) on the saddle connection that is invariant under F 0 .
De nition 5 (Melnikov function) Let 
where k = F k 0 ( ).
As we will show below, M measures the distance between the perturbed manifolds. In order that it be useful, M should in some sense be independent of the choice of adapted vector elds:
Proposition 5 The set of zeros of M is independent of the choice of the vector elds V; W and is invariant under F 0 . This is also true for the nondegenerate zeros.
Proof: Let V; W andṼ ;W be two pairs of independent, adapted vector elds. Let M be the Melnikov function de ned using V and W andM be the Melnikov function de ned usingṼ andW . Since each pair is linearly independent, it is possible to nd functions ; ; and such thatṼ = V + W ; W = V + W : b) The set of nondegenerate zeros can continued, for small enough, to the primary intersection of W u (b; F ) and W s (a; F ).
We give the proof in the appendix.
Melnikov function when there is an integral
Computing the Melnikov function de ned in (5) could be di cult if one needs to construct a pair of adapted vector elds explicitly. However, if F 0 has a rst integral I, then we can use it to simplify the computations. In fact, we only need to assume that there is a local integral for F 0 in the sense that in some neighborhood of the saddle connection there is an invariant. Restricting the volume form to a surface of constant I gives an invariant area:
be a volume preserving di eomorphism and M a surface that is given locally as the zero set of a function I. Assume that I is invariant under G in some neighborhood of M. Then the set H = f : rI( ) 6 = 0g is invariant and G preserves the 2-form !( )(v; w) = det rI( ) jrI( )j 2 ; v; w (7) on each level set fI = kg \ H.
Proof: Since I is an integral of G near M, I G = I, and therefore G 0 ( ) T rI(G( )) = rI( ). Let T (M) ? = spanfrI( )g. We are interested in nding the projection of G 0 ( )rI( ) onto the normal space T G( ) (M) ? = spanfrI(G( ))g. In order to do this, it is enough to nd the dot product between G 0 ( )rI( ) and rI(G( )):
The pull back of ! by G is 
Examples
In this section we construct a family of volume preserving maps that have a completely degenerate heteroclinic intersection (i.e., a saddle connection). We obtain this family as a semidirect product of an area preserving, twist map and a rotation in three space. The twist map is de ned in such a way that it has two invariant sets which give rise to a saddle connection between two xed points. Examples similar to these were found by Lomel 22] and are related to the work of Suris 30, 31] on integrable maps. It is interesting to note the map need not have an integral, and therefore, apart from the two invariant sets, typically exhibits chaotic behavior. We nally give an example for which the resulting volume preserving map has a rst integral.
Explicit Heteroclinic Connection
We start with the area preserving map generated by the Lagrangian generating function f(r; z) = h ?1 (r + h(z)) ? z r + h(z) : (10) It is easy to verify that the map has two invariant manifolds, the z-axis and the curve C = f(r; z) : r = h ?1 (z) ? h(z)g :
If h has a xed point z , then the invariant curves intersect at the point (0; z ) which is a xed point of f. The linearization of f at such a xed point is f 0 (0; z ) = 1=h 0 (z ) 0 1 h 0 (z ) ; so that the xed point is hyperbolic whenever h 0 (z ) 6 = 1. For example, when h 0 (z ) > 1 the z-axis is the unstable manifold, and C is the stable manifold. The stabilities are exchanged when h 0 (z ) < 1. Thus if h has two neighboring isolated xed points, the invariant curves provide heteroclinic connections between them; see the sketch in Fig. 3 .
We can extend this twist map to R 
The map f 0 is as smooth as the di eomorphism h:
Lemma 9 Assume that h 2 C r+1 (R) with r > 1, and is de ned by (11) . 
Since the map f 0 is rotationally invariant, it can be composed with a rotation whose angle = 2 !(r; z) depends smoothly on (r; z) to de ne a di eomorphism F 0 (x; y; z) = (X; Y; Z) by F 0 = f 0 R 2 ! ; (13) is type A (B), with stable (unstable) manifold given by C 0 , and unstable (stable) manifold given by the z-axis. Finally, the manifold C 0 is a two dimensional heteroclinic connection for two neighboring xed points of h. This situation is illustrated in Fig. 3 . Since the multipliers on the two dimensional manifolds are complex, the di eomorphism F 0 has a pair of adapted vector elds as shown in lemma 4.
Because the map F 0 is a semi-direct product of a rotation about the z-axis with the map (10), it commutes with rotations about the z axis. That is it has the symmetry F 0 R = R F 0 : (15) where the rotation is given by (12) .
If we assume that ! is constant, then we can give an explicit formula for all the iterates of F 0 on the saddle connection C 0 , in terms of the iterates of h: 
Integrable Volume Preserving Map
In order to compute the Melnikov function M of (5), it is advantageous to choose h so that its iterates can be evaluated explicitly. In addition, it is desirable to have a rst integral for (17) is an invariant for F 0 .
The symmetry (b) in Lemma 11 implies that the two dimensional map is reversible, f S = S f ?1 where S(r; z) = (r; ?z) : (18) For the case that ! is constant, this implies that F 0 has the reversor S 0 (x; y; z) = (x; ?y; ?z) : 
which implies in particular that M(x; 0; 0) = 0.
Bifurcation of primary intersections
In this section, we compute the Melnikov function for the map (13) with the di eomorphism, h given by (16) , and the perturbation (19) . We will see that the topology of the heteroclinic intersection changes as the parameters , and ! of P and F 0 vary. We consider the simplest case where ! is a constant. This implies that the local motion on the stable and unstable manifolds of the xed points is a spiral with rotation number !. Recall that the heteroclinic connection is the topological sphere de ned by C 0 = f(r; z) : r = h ?1 (z) ? h(z)g. Note that by (13) In general, since the boundaries of the fundamental domain are and F( ), we may use the map F to identify the boundaries the annulus, turning it into a torus. In our example F 0 rigidly rotates the equatorial circle by 2 !, so that we merely undo this rotation to perform the identi cation:
Since the zeros of M are neat submanifolds, they become closed loops with this identication. Thus the zero contours of M can be classi ed by their homotopy class, a pair of integers (m; n) that gives the number of times the contour loops around the torus in the z and directions, respectively. When the zeros of M are nondegenerate, all of the curves must have either the same homotopy class, or the class (0; 0). Each loop has a natural direction, associated with the direction of the crossing of the manifolds. Thus loops with a nontrivial homotopy class must appear in pairs.
In To compare the actual behavior of the manifolds for the map F , we need to choose a reasonably large value of so that the intersections can be numerically resolved. It is Fig. 7 and Fig. 8 . 
BIFURCATION OF PRIMARY INTERSECTIONS
relatively easy to plot the manifold W s (a) when the pair of stable multipliers at the xed point have the same magnitude 25]; this is true for our map by (14) . In this case one can take a regular two dimensional grid whose size is order unity, and create a grid adapted to the dynamics by iterating the points with the linearization of the map restricted to the stable subspace N times. This \small" grid is now embedded into the tangent plane of W s (a) at a and iterated N steps with the inverse of the fully nonlinear map. The resulting grid now approximately falls along the stable manifold, and is roughly regularly spaced. A similar algorithm can be used for the unstable manifold of b.
In Fig. 8 we show three dimensional pictures of the manifolds created with this algorithm for = 0:75 and the same six values of (!; ) in Fig. 7 . All of the intersections have the same homotopy types as the predictions with the exception of panel (f), at (!; ) = (0:4; 0:05), for which the Melnikov function predicts (1; 0), and the actual intersections in the numerical picture appear to be (0; 1). This is due to the fact that the parameters are close to the as light gray.
Conclusions
We have generalized the de nitions of fundamental domains and primary intersections to R 3 and provided and some tools for their study. In particular, a codimension one Melnikov method has been used to identify primary intersections between two dimensional stable and unstable manifolds in a family of volume preserving maps.
The heteroclinic intersections, which are generically curves, can be labeled by their homotopy class. We have shown that there are bifurcations between these classes, and that which occurs will depend, for example, on the complex phase of the multiplier of the associated xed point. Heteroclinic orbits can be found most easily for the reversible case, as intersections should occur on the xed set of the reversor. In our example the reversor has a xed line, the x-axis.
One of our motivations for characterizing volume preserving maps is to study transport. If the two dimensional manifolds intersect on an equatorial circle, then transport can be localized to \lobes" similar to the two dimensional case 15]. However, if the primary intersection has a di erent homotopy class, then the construction of \lobes" entirely from pieces of stable and unstable manifold may be impossible. 
provided 2 F k 0 (N 0 ). It is clear that for each " 2 (?" 0 ; " 0 ) and 2 V, we have that ( ; ") 2 W u (b; F " ).
For each , we are interested in estimating ( ; ") to rst order in ". Using (21) with k = 1, we can take the partial derivative of with respect to " to obtain the relation @ " ( ; 0) = F 0 0 (F ?1 0 ( ))@ " (F ?1 0 ( ); 0) + P( ) : (22) Let V and W is a pair of linearly independent, adapted vector elds (cf. Defn. 4). We observe that the property of being adapted implies that, for all in the saddle connection, (24) is a measure of the normal deviation of the unstable manifold, as " varies. Now, using (22) and (23) This implies that (") is in the primary intersection of W s (a; F " ) and W u (b; F " ), and in this way, it can be continued with " to the point . Using a similar argument, it is possible to continue points in the primary intersection that are close to (").
